Abstract Quantitative calculations of the properties of hadrons and nuclei, with assessed uncertainties, have emerged as competitive with experimental measurements in a number of major cases. We may well be entering an era where theoretical predictions are critical for experimental progress. Crossfertilization between the fields of relativistic hadronic structure and non-relativistic nuclear structure is readily apparent. Non-perturbative renormalization methods such as Similarity Renormalization Group and Okubo-Lee-Suzuki schemes as well as many-body methods such as Coupled Cluster, Configuration Interaction and Lattice Simulation methods are now employed and advancing in both major areas of physics. New algorithms to apply these approaches on supercomputers are shared among these areas of physics. The roads to success have intertwined with each community taking the lead at various times in the recent past. I briefly sketch these fascinating paths and comment on some symbiotic relationships. I also overview some recent results from the Hamiltonian Basis Light-Front Quantization approach.
Introduction
Nuclear and hadronic physics share methods for non-perturbatively solving the quantum many-body problem. Lattice, wave-equation and Hamiltonian eigenvalue methods represent major many-body approaches where developments in one subfield have impacts on the other. Renormalization and effective field theory techniques are also under development in both subfields. For these reasons, researchers often enjoy "dual citizenship" in these subfields. Advances in computational physics and high-performance computing have spurred great progress in nuclear and hadronic physics by enabling solutions with unprecedented accuracy and quantified uncertainties.
In nuclear physics, the development of effective interactions has a long history. The pioneering works of Brueckner, Bethe and Goldstone (see Ref. [1] for a review) led to decades of successful applications by combining non-perturbative and perturbative approaches. Eventually, more robust non-perturbative methods such as Okubo-Lee-Suzuki (OLS) (see Ref. [2] for a review) and the Unitary Correlation Operator Method (UCOM) (see Ref. [3] for a review) paved another road to extensive successes. These methods were developed to enable many-body Hamiltonian approaches to achieve improved convergence in nuclear physics within available computational methods and resources. The methods improved and the resources grew simultaneously so that increasingly precise solutions have been attained both for a growing number of nuclei and for a wider array of experimental observables [2] .
In the hardron arena, we have witnessed parallel rapid developments of the Hamiltonian approach and some developments have been intertwined with those in nuclear physics. Based upon Dirac's front form of relativistic Hamiltonian dynamics [4] , hadronic physics witnessed the development and application of the practical Discretized Light Cone Quantization (DLCQ) approach (see Ref. [5] for a review). On the renormalization frontier, we saw the introduction and application of the Similarity Renormalization Group (SRG) technique [6; 7] which has enjoyed remarkable success in nuclear physics as well (see Ref. [8] and references therein).
A major example of a many-body method that has enjoyed success in an array of scientific fields is the Coupled-Cluster method of Coester and Kuemmel [9; 10] . From its genesis within nuclear physics, it has been actively developed and applied in quantum chemistry (see Ref. [11] for a review), nuclear physics (see Ref. [12] for a review) and it has also been introduced into light-front field theory with promising results [13] .
Basis Function Approach
Given these rapid advances in many-body methods, renormalization approaches, algorithms for simulations and high-performance computers sketched above, it is appropriate to survey a few applications that have emerged from these advances. Due to space limitations, I will select a few highlights of recent results from development and applications of Basis Light-Front Quantization (BLFQ) [14; 15; 16] and its time-dependent generalization tBLFQ [17; 18] . For a more complete overview of current and planned research in light-front Hamiltonian theory, see Ref. [19] and references therein.
Simply stated, our goal is to solve the Hamiltonian eigenvalue problem expressed as,
whereP ± =P 0 ±P 3 are the longitudinal momentum (+) and the light-front quantized Hamiltonian operator (−). The invariant-mass spectrum results from the product of their eigenvalues. The eigenstates |ψ h , or light-front wavefunctions (LFWFs) in either coordinate or momentum space, yield predictions for hadron structures in deep inelastic scattering (DIS) [5] , deeply virtual Compton scattering (DVCS) [20] and diffractive hadron production in ultra-peripheral heavy ion collisions [21; 22] , among many other applications.
The Fock space expansion for |ψ h produces a sparse-matrix many-body eigenvalue problem. BLFQ was introduced to implement azimuthal rotational symmetry and to accelerate convergence in bound state applications, especially with confining interactions as in QCD. By choosing the two-dimensional (2D) harmonic-oscillator (HO) for the transverse modes, one benefits from the developments of the nocore shell model (NCSM) used successfully in nuclear many-body theory [2; 23; 24; 25] while retaining a fully covariant framework. The ability to factorize transverse center-of-mass motion in the LFWFs in order to preserve transverse boost invariance is one of the appealing features of BLFQ [14; 26; 27] . For applications to bound state problems in QCD, we note that the choice of the 2D-HO for the transverse basis space is harmonious with the phenomenologically successful light-front AdS/QCD soft-wall Hamiltonian for the hadrons [28; 29] .
BLFQ has been used to solve QED problems at strong coupling such as the electron anomalous magnetic moment [15; 30] , non-linear Compton scattering [17; 18] and the positronium spectrum [31] . In this paper, we briefly summarize recent BLFQ applications to bound-state and scattering problems: Electron form factors [32] in Sect. 3, Yukawa model [33] in Sect. 4, heavy quarkonium [34] in Sect. 5, vector meson production in Sect. 6, and the extension to tBLFQ [17; 18; 35] in Sect. 7, each of which points pathways to future developments and applications. A promising approach to non-perturbative renormalization is also presented at this meeting [36; 37] . In the perturbaAve calculaAon, UV and IR cutoffs are imposed on the transverse momenta to match the BLFQ basis truncaAon. UV cutoff , IR cutoff . 
Electron form factors in BLFQ
Following earlier applications to QED where we evaluated the electron anomalous magnetic moment in BLFQ and compared the results with perturbation theory [15; 30] , we now evaluate the electron's Generalized Parton Distribution (GPD) E(x, q 2 ), Pauli form factor F 2 (q 2 ), and anomalous gravitomagnetic form factor B(q 2 ) = B f + B b . These are displayed in Fig. 1 with values for the regulators provided in the legends. Here, λ k (Λ k ) signifies the infrared (ultraviolet) cutoff matched to the BLFQ regulators which are defined in terms of b 2 and N max . The quantity b 2 = b/ √ 2 represents the 2D-HO parameter of relative motion and b = M is the 2D-HO parameter in the one-particle sector. The regulator N max defines the upper limit of the sum of 2D-HO quanta for the transverse basis states and the regulator K = K tot defines the upper limit of the longitudinal plane wave modes for where we adopt antiperiodic (periodic) boundary conditions for fermions (bosons); i.e. K = K tot is the sum of the electron's (half-odd-integer) and the photon's (integer) longitudinal quanta . In addition to showing the expected agreement between light-front perturbation theory (LFPT) and DLCQ, we re-confirm the vanishing of the electron anomalous gravitomoment, i.e. B(q 2 = 0) = 0 [38] .
Yukawa model in BLFQ
We follow the scheme we employed in our application of BLFQ to positronium [31] to solve the Yukawa model with a scalar boson exchange [33] . To be specific, we solve for the mass eigenstates (in units of the fermion mass m f ) as a function of two basis space regulators, N max and K in a Fock space consisting of a fermion f and an antifermionf exchanging a scalar boson of mass m b =0.15m f with coupling α= 0.3 and HO length parameter b = (M Ω)=0.16m f . Our ff effective interaction follows the one employed in Ref. [31] except that a scalar boson replaces the vector exchange of QED. We neglect fermion self-energy and annihilation processes. Our mass eigenstates are presented in units 
Heavy Quarkonium in BLFQ
We begin here with an effective Hamiltonian H 1 eff , where the superscript indicates our first approximate form, based on the holographic QCD Hamiltonian [28] 
where, x = p + q /P + is the longitudinal momentum fraction of the quark, k ⊥ = p q⊥ − xP ⊥ is the intrinsic transverse momentum, r ⊥ = r q⊥ − rq ⊥ is the transverse separation of the quarks. κ is the strength of the confining potential.
The holographic QCD Hamiltonian is only 2-dimensional and is defined for massless quarks without interactions. For the heavy quarkonium systems and other applications we incorporate the mass of the quarks m q , add one-gluon exchange V g , and add longitudinal dynamics to arrive at our H eff [34] ,
Our longitudinal confining potential V L has some similarities with other proposals [42; 43; 44] : Among V L 's appealing features are that it gives rise to longitudinal basis functions which are analytic solutions of the resulting 1D wave equation, which introduces a new quantum number , and resemble the known asymptotic parton distribution ∼ x α (1 − x) β . In addition, in the non-relativistic limit m f κ, our longitudinal confinement combines with transverse confinement to form a 3D-HO potential, V con = mqmq (mq+mq) 2 κ 4 r 2 , and rotational symmetry is preserved. This non-relativistic reduction also provides us with simple estimates of the model parameters. On the other hand, in the massless limit m f κ, the longitudinal mode stays in the ground state and the longitudinal wavefunction is a constant, thereby restoring the massless model of Brodsky and de Téramond [29] .
Our main results for heavy quarkonium are presented in more detail by Yang Li at this meeting [45] so we will use this opportunity to provide comparisons in Fig. 3 with a sample of approaches that incorporate massive quarks and quark-antiquark interactions. Each approach involves parameter fits but they differ widely on the choice of experimental data to incorporate in the fit and on the results presented as predictions. The details the BLFQ approach highlighted here are presented in Ref. [34] with more recent improvements presented in this meeting [45] . A variational approach leading to a wave equation resembling a Bethe-Salpeter equation provides the results quoted from Ref. [40] . In this approach, confinement arises from an ansatz for the non-perturbative scale and a variational treatment of the multi-gluon dynamics that provides the shape and magnitude of the confining interaction. The two-particle Dirac equation with one gluon-exchange and confinement has been intensively investigated for all the known mesons and has led to the results shown from Ref. [41] that exhibit the lowest rms deviation between theory and experiment.
We have highlighted the states that have been produced with all the cited methods by encircling them in Fig. 3 . Some of these states are also involved in the respective fitting procedures. The comparisons outside the ovals provide an impression of similarities and differences in the predicted mass eigenstates where available.
Before closing this section, we present an example of the range of observables accessible with our LFWFs developed in Ref. [34] . For brevity, we present only the helicity-non-flip GPD H(x, ξ = 0, t = −∆ 2 ⊥ ) for a selection of two bound states of charmonium in Fig. 4 . The helicity-non-flip GPDs can be L J (J P C ), where n is the radial quantum number, the relation between N , the principal quantum number, and n, is N = n + L, L is the total orbital angular momentum, S is the total intrinsic spin, J is the total angular momentum, P is the parity and C is the charge conjugation.
written, for the case where the photon couples only to the quark, as overlap integrals between LFWFs [20; 46; 47; 48; 50]
Here, k ⊥ and k ⊥ are the respective relative transverse momenta of the quark before and after being struck by the virtual photon, ∆ is the momentum transfer (we choose the Drell-Yan frame
⊥ , ξ is the skewness parameter and in the Drell-Yan frame, ξ = 0, and λ e (λē) is the spin of the quark (antiquark). This is a demonstration case illustrating hadronic GPDs in BLFQ similar to a positronium application [49; 50] . Now, referring to Ref. [51] , the impact-parameter dependent GPDs are defined as the Fourier transform of the GPDs with respect to the momentum transfer
Here, the impact parameter b ⊥ corresponds to the displacement of the quark (q) from the transverse center of momentum of the entire system (qq). We present the the impact-parameter dependent GPDs for the same two states of charmonium in the lower panels of Fig. 4 to provide a visual impression of these coordinate space distributions. Note, especially, the appearance of secondary peaks in the η c .
Vector Meson Production
With our BLFQ LFWFs discussed above, we compute the production of charmonium states in diffractive deep inelastic scattering and ultra-peripheral heavy ion collisions within the dipole picture [52] . The assumed process is depicted schematically in Fig. 5 where a virtual photon dissociates into a massivepair that subsequently interacts with the gluon field of the hadronic system producing a vector meson in the final state. In the dipole model, the amplitude for exclusive heavy quarkonium production in DIS can be calculated as [53] 
where T and L denote the transverse and longitudinal polarization of the virtual photon (with virtuality Q 2 ) and the produced quarkonium, and t = −∆ 2 denotes the momentum transfer. On the right-hand side, r is the transverse size of the color dipole, z is the LF longitudinal momentum fraction of the quark, b is the impact parameter of the dipole relative to the proton and x is the Bjorken variable. Ψ and Ψ * E are LFWFs of the virtual photon, treated perturbatively, and the exclusively produced quarkonium respectively. The cross section is written in terms of the amplitude as
For the results presented in Fig. 5 , we employ the parametrization in the impact-parameterdependent saturation model provided in Ref. [53] , which is referred to as "b-Sat I" in Ref. [52] . The calculations using the boosted Gaussian LFWF can also be found in Ref. [53] . The results with the BLFQ LFWF (solid curves) and the phenomenological boosted Gaussian LFWF (dashed curves) both provide reasonable descriptions of the HERA experimental data.
We obtain additional charmonium production cross sections and find reasonable agreement with experimental data at HERA, RHIC and LHC. We observe that the cross-section ratio σ Ψ (2s) /σ J/Ψ reveals significant independence of the gluon distribution parameters while showing sensitivity to the charmonium LFWFs as seen in the right panel of Fig. 5 . Additional results are found in Ref. [52] .
One of the most important uses of vector meson production is to probe the non-perturbative low-x region of hadronic systems. To this end, we investigate the time-dependent evolution of thesystem within the Color Glass Condensate (CGC) model [57] of hadrons at low-x. As an initial step, we obtained the gluon field by solving the Yang-Mills Equation of stochastic color sources on a 2D lattice. The left panel of Fig. 6 shows one color component of the gluon field generated by a randomly sampled color source distribution. To test whether the stochastic solutions represent the CGC, we examine the Wilson line correlator C(x ⊥ − y ⊥ ) = T rU † (x ⊥ )U (y ⊥ ) whose Fourier transform (times k 2 ) is plotted in the right hand panel of Fig. 6 . From this we extract the saturation scale defined as the maximum of the curves in the right hand panel of Fig. 6 as Q 2 /g 2 µ = 0.32 and observe good convergence with respect to the number of grid points N as well as good agreement with the established CGC saturation scale [57; 58] .
Electron Motion in External Field with tBLFQ
We adopt the tBLFQ framework [17; 18] to investigate the effects of electromagnetic (EM) fields generated by ultra-relativistic heavy ions on charged particles [35] . This study is motivated by the fact that strong EM fields are generated during heavy ion collisions [59] , and a quantitative study of their effects on charged particles is essential for extracting properties of the Quark Gluon Plasma (QGP) as well as the properties of the gluon distributions in nuclei as discussed above. Here, we investigate the real-time evolution of a quantized electron field under the influence of a strong external time-dependent EM field of a relativistic heavy ion.
When the coupling between the electron and the external field is small such as the field generated by an ultra-relativistic proton with coupling α = α em ≈ 1/137, the transition rate between two kinetic energy eigenstates calculated within tBLFQ approach shows agreement with LFPT. On the other hand, for EM fields generated by an ultra-relativistic gold nucleus, the coupling between an electron and the fields is α = Z Au α em ≈ 79/137. The transition rate between the same two kinetic energy eigenstates calculated within tBLFQ approach deviates from LFPT calculations (both leading-order (LO) and next-to-leading order (NLO)), and the differences among these calculations is a clear indication that higher order effects are significant. See Fig. 7 for an illustration
1 . We next demonstrate strong time-dependent field effects with the real-time evolution of the transverse and longitudinal momentum distributions of an electron evolving in the electromagnetic fields generated by a gold nucleus moving along positive z-axis with rapidity y = 5.3. Fig. 8 shows a snapshot of the transverse and longitudinal momentum distributions of the electron after evolving 50 GeV −1 (roughly 10 fm/c) inside such strong EM fields. We observe that the tBLFQ simulation, which reconciles the higher order effects, predicts that the peak value of the transverse momentum will increase, accompanied by a decreased width, as compared with the LFPT calculations predictions. See the left panel of Fig. 8 for detailed comparisons. The probability that the electron has been excited to higher longitudinal momentum is about 35% according to the tBLFQ simulation.
Good prospects for applying the tBLFQ formalism to heavy ion collisions and electron ion collisions impel us to carry out further applications. For instance, as discussed briefly in the previous section, we will adopt the classical description of gluon fields in high energy nuclear collisions from the Color Glass Condensate (CGC) effective theory [57] , and study the real-time evolution of colored objects interacting with these classical gluon fields. Within the tBLFQ framework, we can study the effects of initial gluon fields generated in the initial stage of relativistic heavy-ion collisions on heavy quarks and jets. The advantages of tBLFQ framework are distinctive: the calculation is both relativistic and at the amplitude level thereby incorporating quantum interference effects. In addition, we can naturally extend our calculation to higher Fock sectors and go beyond the Eikonal approximation. α=79/137 
Summary and Outlook
It is reasonable to expect that the interplay between nuclear and hadronic physics to continue to flourish owing to the common challenges of strong interactions, the complexities of many-particle dynamics and the need to exploit the disruptive technologies of high-performance computers. Likewise, both subfields will benefit greatly from collaborations with applied mathematicians and computer scientists. The BLFQ applications summarized here represent potentially fruitful research paths. Beyond those outlined above, we would like to mention the extension of BLFQ to other meson sectors (mixed flavor and light mesons), to the baryons and to multi-baryon systems which are underway.
